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ABSTRACT. In 1999, Lawrence and Zagier expressed the Witten-Reshetikhin-Turaev (WRT)
invariant of the Poincaré homology sphere as the limiting value of the Eichler integral of a
weight 3/2 modular form. Habiro’s construction of the unified WRT invariant subsequently
recast this result as an identity for a g-hypergeometric series at roots of unity. This motivated
Hikami to prove analogous g-series identities involving the unified WRT invariants of certain
Brieskorn homology spheres. Hikami also made several conjectures of a similar type for g-
series with no apparent connection to quantum invariants. In this paper we use the Bailey
pair machinery and a novel relation between incomplete quadratic Gauss sums with periodic
coefficients to construct infinite families of identities between g-multisums at roots of unity and
limiting values of Eichler integrals of weight 3/2 modular forms. These identities include all of
Hikami’s results and conjectures as well as a generalization of the result of Lawrence and Zagier.

1. INTRODUCTION

In 1999, Lawrence and Zagier made a prescient observation connecting quantum invariants
and modular forms [23]. To state their result, let Z-(M) denote the Witten-Reshetikhin-Turaev
(WRT) invariant of a closed and oriented 3-manifold M at the root of unity (. Next let
p = (p1,p2,p3) be a triple of pairwise coprime positive integers and P := pipops. For any
triple £ = ({1, 02,03) € Z3 satisfying 0 < ¢; < p;, define the odd periodic function

3
0.
—€1e9e3 ifn=P |1+ Z % (mod 2P),
]

£

0 otherwise

where € = (€1, €2, €3) € {£1}3. For ¢ = €*™, 7 € H, consider the Eichler integral

oo
B(r) = S xh(n)gir (1.1)
n=0
of the weight 3/2 modular form
o 2
Op(r) ==Y nxp(n)giv
n=0
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Their main result [23, Theorem 1] reads as follows. For coprime positive integers M and N, let
2wiM

(M :=¢e"~ . Then for the Poincaré homology sphere (2, 3,5) we have

1+ (1 - )2y (5(2,3,5)) = —% lim g &L (7). (1.2)
T2
They also established that the right-hand side of (1.2) has “a modular property modulo smooth
functions”, a notion which would later become the defining attribute of Zagier’s quantum mod-
ular forms [36]. Any Eichler integral defined by (1.1) is now known to be an example of a
quantum modular form [14, Section 4.4].

Following up on the work of Lawrence and Zagier, Hikami wrote a series of papers [16-19]
wherein he showed that limiting values of Eichler integrals give the WRT invariants for several
families of 3-manifolds, including the Brieskorn homology spheres. As an application, he used
the modularity to find asymptotic expansions for Z¢, (M) as N — oco. Hikami’s results have
recently been used in the study of limiting values of an SU(2) WRT function [2,3,9] and towards
progress on a quantum modularity conjecture for WRT invariants [30, Theorem 1].

The identity (1.2) may be recast as an identity for g-hypergeometric series at roots of unity
using Habiro’s unified WRT invariant. Habiro [15] showed that if M is an integral homology
sphere, there is a ¢g-hypergeometric series I(M;q) such that for any root of unity ¢ one has

I(M; Q) = Z¢(M).
In the case of the Poincaré homology sphere, the unified WRT invariant is [24]
1(2(2,3,5);4 1_ > d" (@ M,
q n>0

where

Thus (1.2) says that

where

Explicit expressions for I(M;q) are uncommon as they require knowledge of the cyclotomic
expansion of the colored Jones polynomial of the knot K from which M is constructed using
Dehn surgery. One case where this has been fully carried out is for the Brieskorn homology
spheres ¥(2,3,6p — 1) and X(2,3,6p + 1), which arise from (—1)-surgery and (+1)-surgery,
respectively, along the twist knot K, p > 0 [21, Theorem C.1]. Specifically, Hikami [21] showed
that one has

(1 - q)I(2(2,3,6p—1);q) = H{Y(q) (1.4)
for p > 1 and
(1—q)I(2(2,3,6p+1);q) = HP(q) (1.5)
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for p > 1 where!

p—1
n i (g n;
HY(q) = > " (@ nyra [ Y [ nfl] (1.6)
np>->n1 >0 i=1 !
and
p—1
—n.,(n n n:(n, n;
HO(q):= Y g™ty o J]gmm [ nﬂ . (1.7)
np>->n1 >0 =1 ‘
Here @
n Qn
= 1.8
M @nr(@)r (1.8)

is the ¢-binomial coefficient. Combining (1.4) and (1.5) with expressions for the WRT invariants
of the Brieskorn homology spheres in terms of Eichler integrals [16], Hikami deduced the identities
[21, Theorem 3.3]

0 L {(BR)
Hp (CN) = (1 - CN)I(E(Qv 3,6p — 1)5 CN) = _5 hInl q 246r=1) @(273’61)_1)(7') (19)

T
for p > 1 and [21, Theorem 2.4 and Proposition 3.2]

H(S)(C — (1 _ . _ _1 1- % (1,1,1)
D N) - (1 CN)I(E(2,3,6])+ 1)7<N) 9 Tli)m q ep >(I)(236p+1)(7-) (1'10)
for p > 1.

In [21], Hikami conjectured a number of identities for g-series at roots of unity which closely
resemble (1.3), (1.9) and (1.10) but for which no interpretation in terms of quantum invariants
is known. These conjectures are also presented in [29] and two more were made in private
communication [22]. To state them, we define the following families of g-series. For p > 1, let

HP(q) == >, 4" ("), Hq " ["”1] (1.11)

np>-->n1>0
HI(73) (q) = Z 2np Tlp+1 H qnz(anl) |:nl+1:| (112)
np>-->n1>0
.
Hzg4)(q) = Z 7" (¢ ) anz(erl [ 7Z”L+1:| 7 (1.13)
np>->n1>0 !
HP g = > (") H n? {””1} (1.14)
np>--->n1>0 =1
-1
H[()G)(q) — Z q —n2 Ckazy H n24n; |:nz+1:| (1.15)
> >n1 >0 =

1Here and throughout, we follow the notation HS”(q) for the g-multisums (1.6) and (1.11)~(1.14) as given
in [29]. We have labelled (1.7), (1.15), (1.16), (1.24) and (1.25) accordingly.
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and

p—1
HO ()= > g (@, [ ["”1] . (1.16)

s
np>--->n1>0 =1

In [21, (3.23), (3.25b)—(3.25d), (3.35)] and [22], the following conjectures were made.

Conjecture 1.1. We have

2 1 . 1 =(1,1,2
H? (Cv) = = lim g 55857 (7), (1.17)
TN
1
HQ(S)(CN) = _57-1511 q (1+264)Q)E§:;§))1)(7')’ (1.18)
N
Y(w) = —5 lim ¢~ b yH(r), (1.19)
2 oL (2,3,5)
169 ~
Y (Cx) = —571131 gD (7)), (1.20)
1 . 1448p ~
HP (Gv) = = lim g0 B0 (7) (1.21)
TN
where p > 1,
25 ~
Vew) = —571511 g Im Dy () (1.22)
and
7 1 1,1,3
)(CN) = _5 lim q168¢)E237§( ) (123)

The purpose of this paper is to use the Bailey pair machinery and a novel relation between
incomplete quadratic Gauss sums with periodic coefficients to construct identities between each
of the infinite families in (1.11)—(1.16) evaluated at roots of unity and limiting values of Eichler
integrals of weight 3/2 modular forms. This gives new proofs of (1.3), (1.9) and (1.10) as well
as a proof and generalization of Conjecture 1.1.

The Bailey pair method also leads to the discovery of further identities between g¢-series at
roots of unity and Eichler integrals. We will give two examples which involve the series

p—1
H;gg)(Q) — Z q—ni—np (qnp+1)np H qnf |:7”Lz+1:| (1.24)

np>->n1 >0 i=1 .
and
p—1
2 2 |n;
HyOq) = > a7 (g, [] 0" [ ;f.l}, (1.25)
np>->n1 >0 i=1 !

defined for p > 1. We now state our main result.
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Theorem 1.2. Let M and N be coprime positive integers. For p > 2, we have

1

(6p+5)% ~(1,1,1)

H}gl)(c%): -3 linlequ 24(6p— 1)(1)( 23 6p— 1)( 7) (1.26)
TN
while forp=1
)M 1 ~12 (111
(Cv) = _CN -5 hmM q 120 (I)( )( 7). (1.27)
T%N
For p > 1, we have
1 1,1,
H (M) = ~5 lim g ~ 2 o) (7), (1.28)
N
1 1m0 (g9
HISS)(C%) =-3 gm q 24(6p—1>c1>g236£ 1;( ), (1.29)
TN
1 (6P+1) ~(1,1,2
HY () = ‘535“ g He B (7), (1.30)
o U2m9)2 g g
HP () = -3 gm ¢ TEEED Byt (7), (131)
TN
1 . _Gp=1)? 1,1,2
H}g6)( My = _iTll,Hﬁq 24(6”+1>‘I)E2,3,6§)+1)(T>7 (1.32)
1. 1= 92 ~ (g 3 op g
Hy)(dr/[) = _§Tli>qu 24(6”“)(1)5236511;( ) (1.33)
1 . 1— (6p=5)2 1.1.1
H}(}s)@%) =3 Tlg& q 24(6”“)‘1)5236;“)(7)’ (1.34)
1 . 11— a2p—1)2 1,1,3
H[()g)( My = _57_15& ¢ 24(6p+1)(1)§ 3652&—1)(7-) (1.35)
and 1
s = (11,
HI()IO)(C%) - _57121]}/1 q 24(6p+1)<1)523%’1)3+1)(7-), (1.36)
N

Remark 1.3. Observe that the p = 1 case of (1.28) recovers (1.3) while the M = 1 cases of (1.26)
and (1.34) yield (1.9) and (1.10), respectively. We have also included (1.27) for completeness
(cf. [21, (3.8), (3.10)]). Note that Theorem 1.2 embeds Hikami’s conjectures for one single value
of p (with the exception of (1.21)) into an infinite family of identities. Finally, our main result

and [14, Section 4.4] imply that each HI(,i)(q) is a quantum modular form.

The paper is organized as follows. In Section 2, we recall the necessary background on the
Bailey pair machinery and express all of the series H,(,Z) (¢) as finite polynomial sums at roots of
unity. See Theorems 2.7-2.16. An elucidatory principle in this section arises from the broader
perspective of quantum g-series identities [26, 27], a recent development whose applications
include new proofs for identities at roots of unity for Ramanujan’s o-function and its companion
o*(q) [5,7], a “duality” result for the Kontsevich-Zagier strange function [6,10] and Zagier’s
strange identity and Hikami’s generalization thereof [20,35]. For further work in this direction,
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see [8,11,12,28]. In Section 3, we prove key properties for and relations between incomplete
quadratic Gauss sums. In Section 4, we convert the finite polynomial sums in Section 2 to
limiting values of Eichler integrals, thereby proving Theorem 1.2.

2. BAILEY PAIRS AND KEY IDENTITIES

2.1. Preliminaries and auxiliary results. Recall that a Bailey pair relative to a is a pair of
sequences (aup, Bn)n>0 satisfying
n

b= (2.1)

k=0 (Q)nfk(aCﬁnJrk

_ 1 Zn: (") (—1)k g () ay. (2.2)

(@)n(aq)n = (ag" ")k

The first equation is the original definition [4], while the second follows from an application of
the identity [13, Appendix I, Eq. (1.10)]

(#)n k() —nk
Tt = ————F—(—q/x)"q\2 . 2.3

We begin by reviewing two important facts about Bailey pairs. First, we require a special
case of the Bailey lemma [4].

Lemma 2.1. If (ay, B8y) is a Bailey pair relative to a, then so is (al,, 8),), where

o), = a"q" an, (2.4)
and
/ - ajqj2
Br=> D (2.5)
=0 q)n—j

Second, we have a special case of the Bailey lattice [1].

Lemma 2.2. If (ay, 8,) is a Bailey pair relative to ¢2, then (o, B,) is a Bailey pair relative to
q, where

Qp qznanl> (2 6)

* 2 o
a, = (1 Q)<1_q2n+2 1— g2
By convention we take a—q = 0.

Using Lemmas 2.1 and 2.2, we establish three auxiliary results which will allow us to relate
the g-multisums in Theorem 1.2 to polynomial sums at roots of unity. The first result is for
Bailey pairs relative to q.

Proposition 2.3. If (ak, Bk) is a Bailey pair relative to q, then for any p > 1 we have

2.

n—1>np>-->n1>0 (Q)”P i=1
-1

q(n—np— D(n—np

-1
)5717”?*1 pl_I q(nfnifl)(nfm) |:ni+1:|

ng

(2.7)

3

1-n
6 g5t

1
(Q)n—l (q2)n—1 k=0
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Proof. Suppose that (ag, k) is a Bailey pair relative to ¢. Iterating (2.4) and (2.5) p times we
obtain another Bailey pair relative to g,

) — p(k2+k)a

q

al? " (2.8)

and
qnp(”p+1)+"'+nl(”1+1)

A

E>np>->n1>0 (q)k—np e (q)n2—n1

B - (2.9)

Now in ﬂ,gp ) we replace k by n — 1 and then make the change of indices n; = n—1—mn,_;41 for
1 < i <p. The result is

/87(521 = Z

n_lznpzznlzo (Q)TLI (q)TLQ—TLl e (Q)np_np—l

g(n=m =D (n=n1)++(n—n,=1)(n=ny)

Brny—1. (2.10)

Multiplying numerator and denominator by (¢),, and then converting to ¢g-binomial coefficients
(1.8) gives the left-hand side of (2.7). The right-hand side follows from inserting (2.8) into (2.2).
This completes the proof. ]

Our second auxiliary result is analogous to Proposition 2.3, but for Bailey pairs relative to
¢?. In what follows, we define a for any sequence a,, by

2n
x 2 an q  Qn—1
an_(l_q)<1_q2n+2_ 1_q2n) (2.11)

in analogy with (2.6).

Proposition 2.4. If (ay, By) is a Bailey pair relative to ¢*, then for any p > 1 we have

p—1
Z —1 H (n—n;—1)(n—n;+1) |:nz’+1:|
q
=1

n—1>np>-->n1>0 (q)”p n;

q(”*npfl)(n*nzﬂ’l) /Bn—np

(2.12)
_ (@' ")k (=g (1) (PR+28) )7

Proof. Suppose that (ay, Bx) is a Bailey pair relative to ¢?. We argue as in Proposition 2.3 with
the same iterations of (2.4) and (2.5) (but with a = ¢?) and the same changes of indices. The
result is a Bailey pair relative to ¢2,

oz,(cp) = qp(k2+2k)ozk (2.13)

and
q(n—nl—1)(n—n1+1)+~~~+(n—np—1)(n—np+1)

/87(1121 = Z

[ (2.14)
n_lznpzznlzo (Q)nl (Q)nQ_nl T (Q)np—np_l e

Now we change this to a Bailey pair relative to ¢ using Lemma 2.2 and then insert it into (2.2)
to complete the proof. O

The third auxiliary result also applies to Bailey pairs relative to ¢2, but in a different way.
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Proposition 2.5. If (ay, Bx) is a Bailey pair relative to ¢*, then for any p > 1 we have

>

n—1>np>>n1 >0

q(n—np—l)(n—np—i-l

1

)ﬁn*”pfl Ii_[ q(nfnifl)(nfnﬂrl) |:ni+1:|
(Q)np i—1 g

(2.15)

2 n
—q q I
- (q() 1 q; §q2+n):(—1)kq k—=("31)+p(k +2k)
n— Bt

Proof. This follows from substituting (2.13) and (2.14) into the definition of a Bailey pair in
(2.2) with a = ¢>. O

2.2. An arsenal of Bailey pairs. Here we collect all of the Bailey pairs we will use in the
proof of Theorem 1.2. There are eight Bailey pairs that we cite from the literature — six Bailey
pairs relative to ¢ and two Bailey pairs relative to ¢2. First, we have four Bailey pairs relative

to ¢ from Slater’s list [33, p.463, A(2), A(4), A(6), A(8)]:

O if k= 3r—1, .
o = { ¢br° T if k= 3r, and  fBp = 5, (2.16)
B T g Ty V| (4%)2n
gt if k= 3r— 1, 3
P if k= 3r, and B = ——, (2.17)
A L ST N S | (4%)an
@Bt if k=3r—1, 2
ap={ ¢ if k = 3r, and By = (qQ) (2.18)
_q3r2+r _ q3r2+5r+2 ifk=23r4+1 a2k
and
q3r2—2r if k=3r—1, K2k
o = { @it if k= 3r, and [ = a 5 (2.19)
B L U T Ny S | q*)ok
Next we have two Bailey pairs relative to ¢ from work of Warnaar [34]:
, (ohen) (1 — g2+l 1
ap = (—1)L4}$%qu e Mx(k‘ #1 (mod3)) and B = (2.20)
(1-q) (@)2k
and
(T 1 _ 2k2+1 k?_k
op = (AR AT oy 0d 3) and fo= L. (2.21)
(1—-q) (9)2k
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Finally, we have two Bailey pairs relative to ¢?. These are [32, Eq. (2.34), ¢ — 0 and e — oo]:

0 if k=3r—1,
(1- q6r+2) 3r2—r : _ k?
ap=4 1-—¢4 ¢ if k = 3r, and B = q2 (2.22)
(1— g4y . (4%)2k
—72(13” T k=3r+1
l-¢q
and
0 if k=3r—1,
(1— q6r+2) 612 +r .
t = 1
ap = 1—¢? if k& = 3r, and B = —5—. (2.23)
(1= ¢y oo (4°)2k
—q

To these we add two Bailey pairs relative to ¢ which we were not able to locate in the
literature.

Lemma 2.6. The following two sequences are Bailey pairs relative to ¢*:

(1 - qk+1) (q3r2—27“ o q37"2—7“> ka; =3r — 1,

1—¢q
24k
(1 B qurl) 3r24r . qk + (1 + Q)
ap =4 —F— if k = 3r, and B = 2.24
g 1—q / " @)1+ ¢ (224
1— k+1
_< q )q3’r‘2+2r k=341
1—q
and
(1 — qk+1) <q6r2—r - q6T2—2T) ka; = 3r — 1,
1—-¢q
(1 B qk—H) 6r24-2r . (1 + Q)
ap =4 —— if k= 3r, and B = . (2.25
1-¢q ! / @+ gy 22
k
_(ll—q +1)q6r2+7r+2 ifk=3r+1
—(q

Proof. We require [25, Eq. (2.4)], which says that if (ag, k) is a Bailey pair relative to a, then
(aL, ﬁ,:) is a Bailey pair relative to agq, where

i (L= ag? ) (ag/b(=b) gD ),
e 7 PR DY 77 A (2.26)
and
Bl = e g (2.27)
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We apply this with b = —¢ to the Bailey pair relative to ¢ in (2.19). The resulting 6,1 is clearly
the By in (2.24), while
k+1) = k

of = L) DIRER (2.28)

1—g¢q =

An induction argument on k confirms that oz}; equals oy, from (2.24).

Next we recall that if (ay, Bx) is a Bailey pair relative to ¢2, then its dual [4] (a‘é, Bg) is also
a Bailey pair relative to ¢, where

off = ¢" o™ and =g B(g ). (2.29)

Using the fact that
(@ %0 Dar = a3 (gD)ar, (2.30)
a short calculation shows that (2.25) is the dual of (2.24). O

2.3. The key results. Here we state and prove the key results relating (1.6), (1.7), (1.11)-
(1.16), (1.24) and (1.25) to finite polynomial sums at roots of unity. We have chosen to present
these results following the order in which the Bailey pairs in Section 2.2 were introduced.

Theorem 2.7. Let (ag, Bi) denote the Bailey pair in (2.16). Then for p > 1 and q any primitive
Nth root of unity we have

=z

—1
HO(q) = 3 (~1)kq( )+ o0, (2.31)
0

B
Il

Theorem 2.8. Let (ag, i) denote the Bailey pair in (2.17). Then for p > 1 and q any primitive
Nth root of unity we have

N—
Z g(FHE-DE+R (2.32)
k=0

Theorem 2.9. Let (ag, Bi) denote the Bailey pair in (2.18). Then for p > 1 and q any primitive
Nth root of unity we have

HO(q) = ¢! Z ("3 -1k +h) (2.33)

Theorem 2.10. Let (ag, k) denote the Bailey pair in (2.19). Then for p > 1 and q any
primitive Nth root of unity we have

k+1 o 2
HO(g) = 3 (—1)kg("2 )00 (2.34)
k=0
Theorem 2.11. Let (ag, k) denote the Bailey pair in (2.20). Then for p > 1 and q any
primitive Nth root of unity we have

,_.

N-—
H®(q) = —q(1 - q) ("3 -1k +k) (2.35)
k=0
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Theorem 2.12. Let (ag, ;) denote the Bailey pair in (2.21). Then for p > 1 and q any
primitive Nth root of unity we have
N-—
H{Y(q) = —¢"'(1—q) ("2 )R o (2.36)
k:O

)_l

Theorem 2.13. Let (ag, i) denote the Bailey pair in (2.22). For p > 1 and q any primitive
Nth root of unity we have

H(q) = ¢! Z (20 (@420 0. (2.37)

Theorem 2.14. Let (ay, fr) denote the Bailey pair in (2.23). For p > 1 and q any primitive
Nth root of unity we have

N—
— ¢ (29 (@20 o), (2.38)

,_\

k:0
For the last two results we define

4 )

Theorem 2.15. Let (ay, fr) denote the Bailey pair in (2.24). For p > 1 and q any primitive
Nth root of unity we have

N-2
1 2 k — ("5 +p(k?+2k 1
—5 HH (@) = (kz—(](_l) g ()G, 54 AN (2.40)
Theorem 2.16. Let (ay, fr) denote the Bailey pair in (2.25). For p > 1 and q any primitive
Nth root of unity we have
1 2 k1 2 1
—5 HHV (@) = (Z( D20, 1 2y ) (241)
k=0

Proof of Theorem 2.7. Let (ay, Br) denote the Bailey pair in (2.16). Using (2.3) we compute
that

2
(ql_QN)Qn q4an—2'er—np
BN-1-n, = (qg)wd (2.42)
Inserting this into (2.7) we obtain
Ny — — — Nn,— 1
Z N == D(IN=mp) (g1 2N)2npq4 np—2n2 npzi_[q(N (N |:nz+1:|
N—-1>np>->n1>0 (Q)np i—1 n; (2 43)
N— 1 _ :
= ( )( 2N 2 Z ¢ _1)kgNk- (’“;1)+p(k2+k)ak
q

2 —N
Now we let ¢ be a primitive Nth root of unity. The terms (q)j(\quz?ilvzi)?\ffl and Egi - N%: become 1,

as do all other instances of ¢". The result is (2.31). O
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Proofs of Theorems 2.8-2.12. The proofs of Theorems 2.8-2.12 closely resemble the proof of
Theorem 2.7. The only difference is the initial Bailey pair (g, 8x). Therefore we limit ourselves
to noting the expression for fy_1_n, in each case. For the Bailey pairs in (2.17)-(2.21), we
have, respectively,

B (ql—QN)2npq4an72n12772np+N71 -
BN—I—np — (q2)2N_2 ) ( . )
<q172N)2npq4an—2n§—np+(N—np—1)2

ON_1-n, = , 2.45

" (g%)2n—2 (245)
(ql—QN)anq4an—2n12,—np+(N—np—1)2+(N—np—1)

BN-1-n, = Do : (2.46)

( q2—2N)2np q4an72n12773np
ep, = 2.47
BN 1-ny (Q)2N—2 ( )
and

(q2—2N)2n q4an—2n127—3np+(N—1—np)2—(N—1—np)

BN-1-n, = . (2.48)

(@)2n—2
Using these in (2.3) and calculating as in the proof of Theorem 2.7 we obtain (2.32)-(2.36). O

The proofs of Theorems 2.13 and 2.14 are similar, the only difference being the use of Propo-
sition 2.4 instead of Proposition 2.3.

Proofs of Theorems 2.13-2.1}. Let (ay, Bx) denote the Bailey pair in (2.22). Note that the S
is the same as in (2.18), and so S _1-y, is given by (2.45). Using this in (2.12) we have

211 —op2_ _1)2 p—1
3 gIN =)= (L2, g N =20 (N =y 1) qu(N ni—1)(N—ns+1) [nm]
N—1>np>->n1>0 (q)”:v i=1 i
N— 1 g"=)
_ ( )( 2N 2 _1)kgNE= (kgl)(qp(k2+2k)ak)*'
4N~ T k=0
(2.49)
Letting ¢ be a primitive Nth root of unity gives (2.37). Theorem 2.14 follows in the same way
using the Bailey pair in (2.23). O
Proofs of Theorems 2.15-2.16. For Theorem 2.15 we use (2.24) in Proposition 2.5 to obtain
e — _ 20 N2 _ 1
Z q(N np—1)(N np+1)q2an na+N N(ql 2N)2nppl_‘[q(mefl)(N*m+1) [ni+1:|
N— .
N—12my>>n1>0 (L+¢77) (@), i=1 i
N-1, {_
_(@)an—1 3 (¢! N)k(_1)qukf(k;1)+p(k2+2k)ak
(@n-1(0)n = (V)
(2.50)

Letting ¢ be a primitive Nth root of unity the left-hand side of (2.50) becomes

= wpnq : [nm} , (2.51)

1 np n;
np>immzo (114 '
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Note that ) '
np+1 q"")n, ifny>0
@ ey _ ) , (2.52)
(1 + q p) 5 lf np = 0
and so (2.51) when ¢ is a primitive Nth root of unity is
L[ 1 wot oy T 2 [Pt
a5+ D a@ [T | ] (2.53)

Now letting ¢ be a primitive Nth root of unity on the right-hand side of (2.50), the prefactor

becomes 1 as usual. As for the term % it does not become 1 as before. But when multiplied

by (1 — ¢**1)/(1 — q), it becomes 1 for k < N — 1 while for k = N — 1 it is ((17 )) — 1. This

observation accounts for the use of @y and the splitting of the sum on the right-hand side of

(2.40). Here, we also use that q_(gl)'H’N2 = (—1)N*1. This gives Theorem 2.15. Theorem 2.16
follows in the same way using (2.25) in Proposition 2.5. O

3. INCOMPLETE QUADRATIC (GAUSS SUMS

3.1. Properties for incomplete quadratic Gauss sums. We begin with a general result on
an incomplete quadratic Gauss sum. For simplicity, we write y = Xf)- Recall that P := pipaps.

Lemma 3.1. Assume that
(i) P =2 (mod 4),

(ii) if x(n) # 0, then n is odd

(iii) x is even modulo P, i.e., x(P —n) = x(n).
If q is a primitive Nth root of um'ty, then

= :i:: (1 - PL) x(n)q% + PZ]% (1 — W) X(PN — n)q“’]i;*”2

N n n n (P2N2—27LPN+YL2)
=3 (1 o) e + Z_% S X(PN —m)g e
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Z (]_ _ 7) q4P + Z q4PX PN—n) W. (31)

Consider the term
N(PN—2n)

X(PN —n)g— 7
We have two cases according to the parity of N. First, if N is odd then since P = 2 (mod 4)

N(PN—2n)

and n is odd we have that PN — 2n is a multiple of 4. Therefore ¢— 1 = 1. Moreover, by
(ii7) we have x(PN —n) = x(n). Hence
N(PN—2n)
X(PN —n)g— 7 = x(n).
If N is even, then PN —2n =2 (mod 4) and so qN<P]X72n> = —1. Now since N is even we have
X(PN —n) = —x(n). Once again, we find that
N(PN—2n)
X(PN =n)g— " = x(n).
Using this in (3.1) we have
2 X n 2 N 2
2§:<I*—*> nmﬂﬂ=§:(prﬁ)xmmﬁ’+§:PNQ@XW)
n=0 n=0
PN 2
= x(n)gir,
n=0
as desired. ]

Remark 3.2. Note that (i) and (ii) in Lemma 3.1 are satisfied for all of the functions Xf;
considered in Theorem 1.2. Moreover, p; = 2 and so by [18, (3.8)] the involution o; fixes
L= (1,1,43), i.e., Xf,(n—l- P) = —Xf;(n). Now replace n with —n and use the fact that Xf; is odd
to obtain (iii) in Lemma 3.1. Finally, note that xf; is odd modulo NP for all even N and even
modulo NP for all odd N.

Next, we recall a result (see [16, Proposition 3] or [29, Corollary 3.9]) which explicitly computes
the limiting values of the Eichler integrals Pt p(T)as T - M

Proposition 3.3. Let M and N be coprime positive integers. We have

2
n ML
Jimy (7 pr( )T

3.2. Relations between incomplete quadratic Gauss sums. For the fixed tuples p =
(p1,p2,p3) of pairwise coprime positive integers and £ = ({1, {2, l3) € Z3 satisfying 0 < ¢; < p;,
we define m(e) € {0,...,2P — 1} such that

—p(1+ Z EJ (mod 2P). (3.2)
j=1
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Note that m(€)? (mod 2P) is independent of € € {£1}3. We write

T=T(q) =— Z erez€3 I,

ec{£1}3

where

n2

Te=Te(q) = Z q4P,

n=m(€) mod 2P

S=2S(q) =— Z €1€2€3 Se
ec{£1}3

nZ
q4P.

Se = Se(q) = Z

n=m(e) mod 2P

0<n<2p3N 2p3 N<n<4pz N
If we write n = k2P + m(e€) for some positive integer k, then
2pg3 N —m(e) 4pgN—m(e)
L Ha J 2 m(e)? { o J 2 m(e)?
To= Y UPORERL g= 3 PFOREE (33)
k=0 _[2pgN—m(e)
S

m(e)? .
and so Te, Se € ¢ 27 Z[q]. The sums (3.3) satisfy the following relations when evaluated at a
root of unity.

Proposition 3.4. Let p = (2,3,p3) with (6,p3) = 1, £ = (1,1,03) € Z3 satisfy 0 < {3 < p3

and €= (€1,€2,€3), € = (€}, €éh,€5) € {£1}3. If M and N are coprime positive integers and
q=-e N , then the following are true:

(i) If# = N (mod 2), ea+€5, = N (mod 3) and €5 = —es, then %ﬁ”(a) =& (mod 1)
and
mi(pgN—m(e’)
T, _ RN
(ii) If 959 = N (mod 2), ea — ey = N (mod 3) and ¢; = €3, then ™M) = N (16 1)
and
5’6 _ e7m(p3N+3m(e ))M Te/‘
(i4i) If;l;ra1 =0 (mod 2), ea+¢, = 2N (mod 3) and e3 = —¢4, then %Pﬁ"(e/) =& (mod 1)
an
Se _ 627m(2p3]\73—m(€ ))MTel'
(iv) If ;1;6/1 =N (mod 2), e2+¢€5 =0 (mod 3) and e3 = —€5, then % = (mod 1)
an
Se _ eﬂ'i(pngm(e’))MSE/.
Proof. We begin with (i). By (3.2) and simplifying, we have
m(€) +m(e') = 3ps(er + €)) + 2ps(e2 + €5) + 603(e3 + €5)  (mod 2P). (3.4)
The conditions on € and € combined with (3.4) now imply that
m(e)+m(e) N
Since m(e), m(€') € [0,2P), it follows that "< mE) ¢ 10,1). By (3.5), we have
2P » 2P
N m(e) |N m(e)| _ m(€) (3.6)
6 2P 6 2P| 2P '
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and so rearranging terms and applying the floor function yields

{N _ m(e)J _ {N _ m(G/)J | (3.7)

6 2P 6 2P

From (3.3), we compute

m(e 2
T Z qk2+m(e’)k+%+%

where we have applied the substitution k — {% — n;S?J — k and used (3.6) and (3.7). Letting

2miM

g=-e ~ in (3.8) and simplifying yields the result.
For (ii), a computation similar to that of (3.4) and the conditions on € and € imply

m(e) —m(e’) N
—=p -3 (mod 1). (3.9)
By (3.9), we have
N  m(e) N m(e)|  m(€)
6 2P_{6_ QPJ__QP 1 (3.10)

and so again rearranging terms and applying the floor function leads to

B R R S
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From (3.3), we compute

55
s — PR Fm(©)h )
b= § -5
-5 [¥-50] 2 :
_ > LF 50 k) o ([§-58 [ r1ek) +ipm
k=0
_ (L) o[-0 ) e

qu2+ (me)+2P| X2 | +2P ) k+ m(<)®

X
k=0
[F-5
_  NMealieme) Ph2 (e Ykt 2B 4 mie)
= q 6 Z q 3 4P
k=0

where we have applied the substitution k {% - ";(;)J + 1+ k and used (3.10) and (3.11).

Letting ¢ = eV in (3.12) and simplifying yields the result.
For (iii), a computation similar to that of (3.4) and the conditions on € and €' imply

(mod 1), (3.13)

By (3.13), we have

N m(e) {N B m(e)J _ m(€) (3.14)

3 2P 3 2P

and so again rearranging terms and applying the floor function leads to

3o 2ol aefr o)
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Here, we have used |—z| = —Lajj — 1 for x € R\ Z. From (3.3), we compute

5. = qpk2+m(e)k+%§f
:{%7 J+1
N !
L N me) 2 N _m(e) m(e)?
T e g
k=0
_ Pl | 5 @19
N_m(e)|_|N_me)|_q
. {3 2P Jg ZPJ quz2—(m(€)+2P{%—"§<§)Dk+%};>2
k=0
L%_WQ(;/>J
—y (PN/3=m(e)) qu2+m(e')k+%+mﬁ,’2
k=0

where we have applied the substitution k +— Vg ZSD)J k and used (3.14) and (3.15). Letting

g=e N in (3.16) and simplifying yields the result.
In order to prove (iv), we will use (ii) and (iii). A computation similar to that of (3.4) and
the conditions on € and € imply
m(e)+m(e) N
2P 2
We now distinguish between two different cases. First, if 2N — ey # 0 (mod 3), we define
&' = (b)) € {£1} by

(mod 1). (3.17)

€1+ 611/ _ "__ . " 3.18
—5 = 0 (mod 2), €2 +¢ey =2N  (mod 3), €3 = —€5. (3.18)
Then (iii) with conditions (3.18) and (3.17) imply
27T'i(2 N—m(e”))M 271'7.'(—2 N—m(e/))M
Se =e€ - 3 Teu =e€ - 3 TE//. (3.19)
Subtracting the equations in (3.18) from the initial assumptions on € and €’ yields
/i
% =N (mod 2), eh — ey =N (mod 3), €h = €f. (3.20)
Thus (ii) with conditions (3.20) imply
—mi(pgN+m(e”))M —mi(—p3N+m(e')) M
TEH =e - 3 SE/ =e - 3 Sel. (3.21)

We now combine (3.19) and (3.21) and simplify to obtain the result. Second, if 2N — ey =
0 mod 3, then N — €3 # 0 mod 3 and we define €” = (¢}, ¢, e4') € {£1}3 by

e —€fl

5 =N (mod 2), €2 — ey =N (mod 3), €3 =€y (3.22)
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Thus (ii) with conditions (3.22) imply

ri(p3N+m(é///))J\/I wi(fpg)me(e/))M

SE = e 3 TEN/ = efTEIH. (3.23)
Subtracting the equations in (3.22) from the initial assumptions on € and €', we obtain
€| + €
2
Thus (iii) with conditions (3.24) imply

=0 (mod 2), ey +ey =2N  (mod 3), €h = —ey. (3.24)

—2mi(2pg N—m(e""")) M —2mi(4pg N+m(e)) M
Ten =e 3 Sel =e 3

Ser. (3.25)
We now combine (3.23) and (3.25) and simplify to obtain the result. O

Applying the identities from Proposition 3.4 immediately yields the following result. Hence-
forth, we use the convention + for +1 and — for —1 in the indices of T, and Se.

Corollary 3.5. Let p = (2,3,p3) with (6,p3) =1 and £ = (1,1,43) € 73 satisfy 0 < l3 < p3. If
M and N are coprime positive integers and ¢ = e~ & , then the following are true:
(1) If N = 0 mod 6, then

_7rip3]\/[ mipg M _27rip3M
Tipp=e 3 T__=e 3 Siyp=e 35 S __,
_ mipg M _ 2mipg M mip3 M
Tip-=e 5 T4 =e 5 S =e 35 5 _4,
wipg3 M _ mipg M 2mipg M

Ty y=e 3 T4 =e 5 Sy p=e 5 5S4,
wipg M _ mipg M 2mipg M

T+__ =e 3 T_++ =e 3 S+__ =e 3 S_++.
(2) If N =1 mod 6, then
T =Ty, T =T __,
Ty =514 =54, T =51 =544,
Tipy =54 =54, Tip=5_—=5 44
(3) If N = 2 mod 6, then
Ty =T, Ty =T 4y,
Ty ==S444 =5, Ty o= =544 =54,
Ty =544 =5, T =—-54_ =54
(4) If N = 3 mod 6, then
2 M 2mi M 2miM
Tipy=e s Th_=e 5 S_yp=e 35 S,

2miM _2miM _2miM
Ti-=e s Thp=e 5 S_y_=e 5 5.4,

2miM _2miM _2miM
T yy=e s T___=e 5 Sipp=e€ 5 5S4,
2miM _ 2miM _ 2miM
T,Jr, =e 3 T,,Jr = 3 — S++7 =e 3 — SJrer.
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(5) If N =4 mod 6, then

T =-1___, T =-T__,,
Tipy = =S4 =54, Tipo = =S4 =544,
Ty =54 =54, T =5 =544
(6) If N =5 mod 6, then
Thpy =Th Ty =T,
Ty =S4 =54, T =544 =54+,
Ty =5 44=5__, Tp =54 =54

We now illustrate the previous result.

Corollary 3.6. Let p = (2,3,p3) with (6,p3) = 1 and £ = (1,1,43) € Z3 satisfy 0 < l3 < p3

(1’1!3)). If M and N are coprime positive integers and q = eQWszM, then

and write x = x

(2,3,p3
6p3 N 2 2ps N n2
D x(n)gs =4 x(n)gs. (3.26)
n=0 n=0
Proof. By Remark 3.2, we obtain

6ps N 2

Z X(n)q% = -2 Z 61€2€3TE — Z 61626356

n=0 ec{£1}3 ec{£1}3

= 2(-Thii A T+ T =T+ T =T =T +T )

and
2p3 N n2
Z x(n)g>»s = — Z e1€ze3Te
n=0 ec{£1}3

= T+ AT Ty T T T +T .
Hence, to verify (3.26) it suffices to prove that
0= 2(-Thp + T+ Ty — Ty AT =T =Ty +T )
S A S+ Sy S+ S S — S S

If N #0 (mod 3), this follows directly from Corollary 3.5 (2), (3), (5) and (6). Otherwise, the
terms on the right-hand side of (3.27) have to be rearranged. For example, if N =0 (mod 6),
by Corollary 3.5 (1), the right-hand side of (3.27) is given by

(3.27)

mipg M _ mipgM 2mipg M mipg M _ mipgM 2mipg M
T+++(2—2€ 3 —€ 3 +e 3 )+T++_(—2+26 3 +e 3 —e 3 )
_ mipgM mipg M _ 2mipgM _ mipgM Tipg M _ 2mipg M
YT (—2+2e I )+T+__ (2—26 T e e
(3.28)

mipg3 M _ mipg M 2mipg M

where M # 0 (mod 3). We then use the identity 2 —2e~ 3 —e™ 3 +e 3 =0 to deduce
(3.27) from (3.28). The proof for N =3 (mod 6) is similar. O
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4. PROOF OF THEOREM 1.2

We are now in a position to prove Theorem 1.2. Again, we follow the order in which the
Bailey pairs were introduced in Section 2.2.

Proof. We begin with the proof of (1.32). By Proposition 3.3, (1.32) is equivalent to

6(6p+1)N n an—(ﬁp—l)2
3 2 0 (1) T =0 (+1)
n=0
where x = Xgééﬁ )+1) is the odd periodic function given by
1 ifn=42p+5, 54p+ 7, 54p + 11, 66p + 13 (mod 72p + 12),
x(n)=4¢-1 ifn=6p—1,18p+1,18p+5,30p+7 (mod 72p + 12), (4.2)

0  otherwise.
By Theorem 2.7,
HO () = 3 (—1)kg("2 )+ DR Hh o (4.3)
k=0
where ¢ = (¥ and (ay, B¢) is the Bailey pair in (2.16). Next, we claim that

V-1 E+1 2 6(6p+HN n?—(6p—1)2
LG A L T S (O I (4.4)
k=0 n=0

when ¢ = (¥, To deduce (4.4), we first demonstrate that (as polynomials in q)

N-1 2(6p+1)N 12— (6p—1)2

3 (kg DE R g = ST (n)g (4.5)
k=0 n=0

We proceed by induction on N. The induction step consists of verifying the identity

12p+1 2 2
(«( )( )—n)“—(6p—1)
(Vg DONHN G S (2p+ (N 1) —n)g  EET L (46)
n=0

We consider three cases. First suppose that N = 3r. If r is even, then
xX((12p+2)(N+1)—n) =x(12p+2 —n)
and so the right-hand side of (4.6) is

12p+1 ((12p+2) (N+1)—n)2 —(6p—1)2 ((12p+2) (N+1)— (6p+3))% —(6p—1)2

- Z x(12p+2 —n)q 24(6p+1) = —x(6p—1)q 24(Gp+1)
n=0

(4.7)

((12p+2)(N+1)—(6p+3))% — (6p—1)2
= q 24(6p+1)

by (4.2). Similarly, if r is odd, then we have
X(12p+2)(N+1)—n)=x((12p+2)(N+3) —24p—4 —n) = —x(n + 24p + 4),
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and so the right-hand side of (4.6) is

12p+1

((12p42)(N+1)—n)? — (6p—1)* ((12p42) (N+1)— (6p+3))2— (6p—1)2
Z x(n+24p +4)q 24(6p+1) = x(30p + 7)q 24(6p+1)
n=0 (48)
((12p+2)(N+1)—(6p+3))% = (6p—1)2
— —q 24(6p+1)

by (4.2). In both (4.7) and (4.8), one can check using (2.16) that the signs and powers of g on
both sides of (4.6) match. Next suppose that N = 3r 4 1. If r is even, then

X(12p+2)(N+1)—n)=x(24p+4—n)
and so the right-hand side of (4.6) is

12p11 ((12p+2) (N +1)—n)2 —(6p—1)2
— > x(24p+4—-n)q 4GP+
n=0
((12p+2)(N+1)— (6p+3))2— (6p—1)2 ((12p+2)(N+1)— (6p—1))2— (6p—1)2
= —x(18p+ 1)q 24(6p+1) —x(18p + 5)q 24(6p+1)
((12p+2) (N +1)— (6p+3))% — (6p—1)2 ((12p+2) (N+1)—(6p—1))% — (6p—1)2
=q 24(6p+1) +q 24(6p+1)
(4.9)

by (4.2). Similarly, if r is odd, then we have
X(12p+2)(N+1)—n)=x((12p+2)(N+2)—12p—2—n) = —x(n+ 12p + 2),
and so the right-hand side of (4.6) is

12p+1 ((12p+2)(N+1)—n)2—(6p—1)2
Z x(n+12p + 2)q 24(6p+1)
n=0
((12p+2)(N+1)— (6p+3))2— (6p—1)2 (2pt2)(N+1)—(6p-1)2—(6p-12  (4.10)
= x(18p +5)q 24(6p+D) + x(18p + 1)gq 24(6p+1)
((12p+2)(N+1)—(6p+3))2 — (6p—1)2 ((12p+2) (N +1) — (6p—1))2 — (6p—1)*
=—q 24(6p+1) —q 24(6p+1)

by (4.2). In both (4.9) and (4.10), one can check using (2.16) that the signs and powers of ¢ on
both sides of (4.6) match. As the argument is similar for N = 3r — 1, we omit the details.
Now, by (4.5), it suffices to prove

6(6p+1)N 2 (po1)? 2(6p+1)N n2—(6p—1)2
Z x(n)q 26 D =4 Z x(n)q 246D (4.11)
n=0

n=0

when ¢ = (). This follows by taking ps = 6p + 1 and multiplying both sides of (3.26) by
(6p—1)2

q 246»+0 in Corollary 3.6. Thus, (4.5) with ¢ = (¥ and (4.11) imply (4.4). By Lemma 3.1, we
have

6(6p+1)N P— op_1y2 SEPTDN i P
TG = g 2A(65FT) 1— " gz 412
> xg ’ > ) (1 g i ) (112)
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where ¢ = (Y. Combining (4.3), (4.4) and (4.12), we arrive at

6(6p+1)N

n M% (6) [ ~M

Multiplying both sides of (4.13) by —1 yields (4.1). Thus, (1.32) follows.

As the proofs for (1.26)—(1.31) and (1.33)—(1.36) are similar to that of (1.32), we sketch the
details. One first uses Proposition 3.3 to express the limiting value of the relevant Eichler
integral as a finite sum (as in the left-hand side of (4.1)). Next, by Theorems 2.8-2.16, we can
express each of the left-hand sides of (1.26)—(1.31) and (1.33)-(1.36) as a finite sum involving
e, (PR 2K o) or Gy, (analogous to (4.3)). One then proves an underlying identity between
polynomials in ¢ akin to (4.5). Here we list these identities as significant care is required in some
cases. As for (4.5), the proofs proceed by induction on N. For (1.33), the identity is

N-1 2(6p+1)N 2 (6p+5)2

DR I SV s 19

k=0 n=0

where (ay, Bi) is the Bailey pair (2.17) and y = Xgézgﬁg For (1.29), it is

N-1 2(6p—1)N n2_(6p—5)2

3 (1)) R g = Ny (n)g e (4.15)

k=0 n=0

where (ay, Ok) is the Bailey pair (2.18) and x = XE;;%:B For (1.30), it is

flie 26p- N n?—(6p+1)2

Z(_1)kq(k§1)+(pfl)(k2+k)ak:_ S X(n)g T (4.16)

k=0 n=0

where (ay;, ) is the Bailey pair (2.19) and x = x{yy/s0 ). For (1.34), it is

N-1 2(6p+1)N T

(1-q) Z(_l)kq(k+1)+(p D(k4E) o, Z x(n)g D - (4.17)

k=0 n=0

(1,1,1) o
(23.6p-+1)° FOr (1.26), it is

N-1 2(6p—1)N 2_ (6p45)2

g 1—q) 3 (— )Ny ST (g G (4.18)

k=0 n=0

where (ay, Bi) is the Bailey pair (2.20) and x = x

for p > 2 and
N— 10N

2
1 — q IH2_1 ak = ZX 122)1 — qil)\N (419)
k:O

H

where
157"2-0—7" 151”2 —r
2 2

+(=1)"q

15r2 411742
2

(=1)"q
AN =An(g) == =2+ (=1)q

(_ 1)T+1 1572 +219r+6

if N =3r,
if N =3r+1,
ifN=3r+2
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for p = 1. Here, (ag, ) is the Bailey pair (2.21) and x = XE;’;’éLﬂ). One can check that if
g =M, then Ay = Ay(¢M) = —1. For (1.31), it is

N-1 2(6p—1)N n2_(12p—5)2

S (1Fq @Ry =~ S y(n)g T (4.20)
k=0 n=0

(17173p_1)

N-1 2(6p+1)N 2 (12p_1)2

S0 ) (@ E o) = = 3T (n)g” T (4.21)

k=0 n=0

where (o, B) is the Bailey pair (2.23) and x = X{y5o0) ). For (1.28), it is

where (ay, k) is the Bailey pair (2.22) and x = x For (1.35), it is

N—-1
S (kg (kg gy L < )Nq G @y — o)

k=0
26p—1)N (4.22)

n2-1
=— Y x(n)gmen
n=0
where (ay, i) is the Bailey pair (2.24),
q3r272r + q3r27r if k=3r—1,
e = Yu(q) = { =g if k = 3r,
g3t ifk=3r+1

1,1, . .
and y = XE23]6?; 1) Again, one can confirm that if ¢ = ¢, then yy_1 = yv_1(¢}) = —1 and

(—1)Ng —(3)+N? — g, Finally, for (1.36), it is
N—

l\’)

k+1 +p(k+1) Qg — %(_1)Nq7(1§)+pN2aN_l 1 %(_1)quN2/€N
k:O
2(6p i )N ] (4.23)

ne—1

= — Z X(n)q24(6p+1)
n=0
where (ay, i) is the Bailey pair (2.25),
r(3r—1) r(3r+1)
—q E —q S if N =3r,
kN = kn(q) :== qw if N=3r+1,

(r+1)(3r+2)

q 2 if N=3r+2

and y = XE;:;’:IG);H)‘ In this case, if g = (¥, then ky = rn (CY) = (=1)MFL. We now take ¢ = ¢/
in each of (4.14)—(4.23), simplify and then combine with statements similar to (4.11) (resulting
from Corollary 3.5) to establish versions of (4.4). After applying Lemma 3.1 (to obtain variants
of (4.12)), the results follow by combining steps and multiplying by an appropriate factor. In

total, this yields (1.26)—(1.31) and (1.33)—(1.36). O
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