GENERALIZED RANK DEVIATIONS FOR OVERPARTITIONS

KEVIN ALLEN, ROBERT OSBURN, AND MATTHIAS STORZER

ABSTRACT. We prove formulas for generalized rank deviations for overpartitions. These formulas
are in terms of Appell-Lerch series and sums of quotients of theta functions and extend work of
Lovejoy and the second author. As an application, we compute a dissection.

1. INTRODUCTION

A partition of a natural number n is a non-increasing sequence of positive integers whose sum
is n. An overpartition of n is a partition in which the first occurrence of each distinct part may
be overlined. For example, the partitions and overpartitions of 4 are

4,3+1,24+2,2+1+1,1+1+1+1
and B _ o 7 7 7
4,4, 34+1,34+1,3+1,3+1,2+2,24+22+1+1,2+1+1,2+1+1,
241+1,1+14+1+1,1T+1+1+1,

respectively. For a curated survey which highlights the importance of overpartitions in g¢-series,
number theory and algebraic combinatorics, see [10]. The rank of a partition A is the largest part
£()\) minus the number of parts #(\). For overpartitions, one can consider two statistics, the rank
or the Mpy-rank which is defined by [19]

o(m)

My-rank (1) = {21 — #(m) + #(70) — x(7)

where 7, is the subpartition consisting of the odd non-overlined parts and
x(m) := x(the largest part of 7 is odd and non-overlined).

Throughout, we use the standard notation x(X) := 1 if X is true and 0 if X is false. A recent
topic of interest for these combinatorial objects and their enumerative data is the study of rank
deviations [16,20]. For integers 0 < a < M where M > 2, consider

D(a, M):=_ (N(a, M, n) — ”5\4’”) " (1.1)

n>0
and

Dy(a, M) := Z(Ng(a, M,n) — pf\?) q" (1.2)

n>0
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where N (a, M, n) denotes the number of overpartitions of n with rank congruent to a modulo M,
Ns(a, M,n) denotes the number of overpartitions of n with My-rank congruent to a modulo M
and p(n) is the number of overpartitions of n. Some impetuses for finding explicit formulas
for the rank deviations (1.1) and (1.2) are to correct the literature [20, Remark 1.6], provide a
general framework in which one can recover all known rank difference identities for overpartitions
[20, Section 4] and prove the modularity of rank generating functions in arithmetic progressions
(e.g., [16, Section 7]) thereby generalizing [8,11,21].
For an integer d > 1, consider the generating function

Oulzzq) = 1 (1 poy o2l 1><—1_>;qn2+dn>

(@)oo 1—zq J(1 =z~ 1gdn)

B n>1 (13)
=: Z Ng(m,n)z"™
meZ
n>0
where
o
(x)oo = (x§Q)oo = H(l - qu)'

k=0

The d = 1 case of (1.3) gives the two-variable generating function for the rank for overparti-
tions [18] while the d = 2 case yields the two-variable generating function for the Mpy-rank for
overpartitions [19]. The mock and quantum modular properties of (1.3) were the focus of [12,17].
Motivated by [12,17,20], our aim is to find explicit formulas for the generalized rank deviations
for overpartitions

Da(a, M) = (Nd(a, M,n) — p;\?) " (1.4)
n>0
where

Na(a,M,n):= Y Ng(k,n). (1.5)
k=a (mod M)
To state our main results, we require some setup. Consider the Appell-Lerch series

—1)" (;)zr
m(x,q,z) = - ! Z( D qf . (1.6)

i(z9) S 1= ez

Here, z, ¢ and z are non-zero complex numbers with |¢| < 1, neither z nor zz is an integral power
of ¢ and

n

§(20) = (2)oo(a/2)s0(@oo = > (~1)"q(2) 2", (1.7)

nez
Let
A(x, 21, 20;9) == - 20J75(21/2039)] (mozlaq}. (1.8)
J(2059)7 (215 )7 (7205 ¢)j (w215 q)
and

ijzk+1J22 n—1 q(t;rl)Jrkt(_Z)tj(_q(n;rl)+nk+m(_z)n/2/’ qnt(xz)nzl; qn2)
i(z)i (2507 &= (=g R (—aynzr, gt (zz)n; gn®)

\IJZ(:L'? 2 Z,; Q) =
(1.9)
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where Jp, = (¢"™;¢™)o and j(21,292;q) := j(21;9)j(22;q). We use the term “generic” to mean
that the parameters do not cause poles in the Appell-Lerch series or in the quotients of theta
functions. Finally, for odd d > 1 and generic z, 29 and 2’ € C*, let

(d-1% d-
A(dv'Z?ZO?Z/) = <_1)%q_ 4 Z% (\IIL<Z_ a
2

q%, 20,21 ¢%)

v

d—1
1 _ _op 2 1 a1

+ 2D GG g G aZO§q2))-
t=0

(1.10)
Here and throughout, (3; denotes a primitive root of unity of order M.

We can now state our two main results in which explicit formulas are given for the pair of
deviations Dg(a, M)+ Dg4(a—1,M). Theorem 1.1 addresses the case of odd d and is slightly more
involved with the appearance of the additional term (1.10). Theorem 1.2 treats the case of even
d and is cleaner. As discussed in Section 4, there is no loss in generality in computing pairs of
deviations. Our results can be used to find a formula for any single Dy(a, M).

Theorem 1.1. Let d > 1 be an odd integer and 2 < a < M. For generic 2', 2" and zy € C*, we
have the following generating functions:

(i) If a and M are even, then

o 2q_d2\11%7—1(q_d27_172,aq2) (111)
2 & . ,
+ MZC (1= GOM, Gy 20, 1)

(ii) If a is even and M is odd, then

Dy(a, M)+ Dyg(a—1,M) = 2(—1)%q*d2(2M27a)2m(qd2M(“*M), q2d2M2, 2')
n 2(_1)M+21—“ q—d2(7M+21_a)2m(qd2M(a—1)’ RIS N

=208, . (¢, -1, ) + 208, (0, -1, ) (112)
2 2

o M-1 ' ‘ ,
+ 3 G (L= A, Gy 20, —1):
j=1
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(iit) If a is odd and M is odd, then

ﬁd(a,M)—i—ﬁd(a—l,M) = X(a:M)

— 2(=1) e q—dQ(Mg_a)2m(qd2Ma’ PEM? )

+ 2(_1)“7*1q—d2(72M_2a+1)2m(qd2M(a—M—1)’q2d2M2’Z//)

2 2 2 ) (1.13)
_ Q\I;M a( d ,—1,Zl;q2d )_i_2\1112\/1\14+17(1 (qd ’_1,2//;q2d )
2

-1

+ — ZcM‘”l—cM A(d, ¢y, 20, —1).
]:1

Theorem 1.2. Let d > 2 be an even integer and 1 < a < M — 1. For generic 2/, 2" € C*, we
have the generating function

— — o 2,2 2
Dala, M) + Da(a— 1, M) = x(a = 1) +2(—1) % ¢~ 5 m((~1)1+45 T Or-2Ma) (S35 )

n 2(_1)g(a—1)+1q—§(a2—2a+1)m(( 1)1+%q7(M2 2M (a— 1))’qd2§42’21/)

a2

QUM (—1)3HgT, 1,25 q%) — 20M | ((~1)5+ 1T, -
+ (=1)2>"¢ 7, -1,2597) a-1((=1)> 1,2"%q7)

+ % 1ig % ZC] (1= )UE (G g~ 15 ).
(1.14)
Remark 1.3. From [17, page 1154] and (1.5), we have
Ny(a, M,n) = Ng(M — a, M,n)
and so by (1.4)
Dala, M) = Dg(M — a, M). (1.15)

If d and a are odd and M is even, then Dy(a, M)+ Dgy(a—1, M) is computed from Theorem 1.1 (i)
using the fact that

Ed(a,M) —|—Ed(a— 1,M) :Ed(M—a—F 1,M) —|—ﬁd(M—a,M)
which follows from (1.15).
Remark 1.4. Let n € Z. If we take d = 1 and 29 = —1 in Theorem 1.1 and use

i(qd";q) =0, (1.16)

then one recovers [20, Theorem 1.1]. If we let d = 2 in Theorem 1.2 and employ [15, Egs. (2.2a)
and (2.2b)]

i@z q) = (1) B j(z;q) (1.17)
and

-1

J(w;q) = j(q/x;q) = —xj(z™ 5 q), (1.18)

then we obtain [20, Theorem 1.2].
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Although it is not our primary focus, Theorems 1.1 and 1.2 in combination with the techniques
in [16, Section 7] can be used to deduce the modularity of Dg(a, M) in arithmetic progressions.
This is a “higher-rank” overpartition analogue of the celebrated results of Bringmann and Ono [24,
Section 7]. One can also obtain the mock modularity of O4(z;q) where z is a root of unity. The
idea is to express O4(z; q) as a sum of pairs of rank deviations (e.g., see (5.5)). One then applies
Theorem 1.1 or 1.2 to express O4(z; ¢) in terms of Appell-Lerch series and sums of theta quotients
(e.g., see (5.6)). As it is well-known that specializations of Appell-Lerch series are mock theta
functions [25], the mock modularity of O4(z;q) follows. Thus, our results imply a more explicit
version of [17, Theorems 1.1 and 1.2]. Finally, Theorems 1.1 and 1.2 provide a general framework
in which one can recover any dissection of O4(z;q) where z is a root of unity and any generalized
rank difference identity. See Section 5 for an example.

The paper is organized as follows. In Section 2, we recall the required background on Appell-
Lerch series and prove two crucial formulas (see Proposition 2.4) which express a normalized
version of Oy(z;¢q) in terms of Appell-Lerch series and (1.10) if d is odd and in terms of Appell-
Lerch series and (1.9) if d is even. We also give some other key properties of (1.7) and establish
3-dissections of certain eta quotients, both of which will be beneficial in Section 5. In Section 3,
we prove Theorems 1.1 and 1.2. In Section 4, we explain why there is no loss in generality in
considering pairs of generalized rank deviations in Theorems 1.1 and 1.2. In Section 5, we provide
an application of Theorem 1.1 by computing the 3-dissection of O3((3;¢q) (cf. [17, Theorem 1.3]).

Finally, we comment that the combinatorial interpretation of Ng(m,n) involves a certain
weighted count of buffered Frobenius representations [22, Theorem 1.3]. It is still an open problem
to find a proper combinatorial definition of the “My-rank” for overparitions [22, Section 6].

2. PRELIMINARIES

2.1. Appell-Lerch series and Sy(z;q). We first state two key results concerning Appell-Lerch
series. The first relates two such series with different generic parameters z; and 2y [15, Theo-
rem 3.3] while the second is an orthogonality result [15, Theorem 3.9]. Recall (1.6), (1.8) and
(1.9).

Lemma 2.1. For generic x, zg and z; € C*,

m(z, ¢, 21) — m(z, q, z0) = Az, 21, 205 ). (2.1)
Lemma 2.2. Let n and k be integers with 0 < k < n. Then
n—1
S G tm(Che, g, 2) = ng (2D (o) rm(—qB) R () ¢ )+ (e, 2 ). (2.2)
t=0
We also require [15, Egs. (3.2b), (3.2e) and (3.3)]
m(w,q,z) =" tm(at g, 271, (2:3)
m(xaQa Z) = x_l _‘T_lm(qxaqa Z)’ (24)
1
m(Qv q27 _1) = 5 (25)
and [15, Eq. (4.7)]
1 (—1)nqn2+n -1 -2 2
- =—z m(z “q,q°,x). 2.6
J(Q;QZ)Z 1—xq" ( ) (26)

neL
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In addition, we often use the following well-known fact. Let s € Z. Then

Z SJ_{n ifszq (mod n), 27)

otherwise.

To explicitly compute the generahzed rank deviations (1.4), we use the following formula. As the
proof is similar to that of [20, Proposition 2.3], we omit it. Let

Sa(z19) == (1 + 2)Oa(2; q). (2.8)
Proposition 2.3. We have
M-—1
i Z Cif'Sa(¢3q) = Da(a, M) + Dg(a — 1, M). (2.9)

We now need to express Sq(z;¢q) in terms of Appell-Lerch series and sums of theta quotients.
Recall (1.10).

Proposition 2.4. Let z, zg and 2’ € C* be generic. For d odd, we have
Sazia) = (1= 2) (1= 2m(="2", ¢*", ') + 20(d, 2,20, 7))) (2.10)

For d even, we have

»

— g &2 2 d o d2o 52 g g2
Sa(z;9) = (1—2) ( —1+2m((=1)2" 2¢ 7,¢7,2") +2(=1)22¢" TV((2aq %, q,2"5¢°) ) . (2.11)
Proof. By (1.3), the fact that
1 _ —22 N 1
(1—2¢®m)(1—271g%) — (1—-22)(1—2¢™)  (1—2%)(1—z71gd)

and some simplifications, we have

1—2 2z (—1)"q”2+dn
Oulz;q) = 1+ - . 2.12
%) 1+Z< +J(q;q2)z 1—zq™ (212
nez
For d odd, we let n — n — 951 in (2.12) to obtain
d—1 _ (d-1)? a-1 2
1—-=2 22(=1) 2z qg 2 =2 _1)rgntn
Ou(z:4) = 5 P SO 2 ( )dq R (2.13)
o= TR e
An application of
d—1
1 1 1
[ S 2.14
1—2¢ d Z 1— (2.14)
t=0
0 (2.13) yields
1 (@D do1 -1 n2
1—2z 22(=1)z ¢ 1 tn
Olz:q) = g2l D S @)

1+2 dj(a:4*) t=0nez 1 — Cdqu_iﬂ
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Taking x = Cflzéqf% in (2.6) turns (2.15) into

- (d-1)*

1-2 2:(~1)F ¢ T
]__

1+z2 d

d—1

_ _ _2 da—1
Cd tm(Cd 2y dqd q, Cdqu 2) |- (2.16)
=0

Oa(z;q) =

~+

We now let o = Cd_%z_%qd, g—q¢®>and 2 = Cézéq_% in (2.1) to express (2.16) as

1 22 1)@ _@=1% 1 /g1

—z zZ(— 2 q 4 zZ d _ _ _2

Oalz4) = 70— (1 - y (Z ¢ m(¢ 2 1q, 4%, 20)
t=0

) GG Mgt (g 20 q2>>
(2.17)
Finally, we apply (2.2) withn =d, k = %, g— ¢®>and z = z_%qd to (2.17), simplify and appeal
o (1.10). By (2.8), this yields (2.10).
For d even, we let n — n — g in (2.12) to obtain

d _d? 2
1-=2 2z2(—1)2q '« —1)"q"
Oulziq) =1 | 1+ (.( ) ;1) yo D) (2.18)
z @) g %
Using (2.14), (2.18) becomes
4 —d2 $-1
1—2z 4z(-1)2q 7%
Ou(z;q) = 14 220D m( Zqu L) | (2.19)
1+ 2 d =

Applying (2.2) with n = %, k=0,q—q¢*>and z = z%ql_d to (2.19) yields

_ 42 4.4 2 &2 ,
Ou(z9) = —— (1 +22(=1)2¢" Tm((-1)2"2q” T,q7,2)
1+ =2
Y S S A
+2(_1)22q 4\1[(%(qu 7qaZ7Q)
By (2.4) and (2.8), (2.11) follows. O

Remark 2.5. If we take d = 1 and zp = 2’ = —1 in (2.10), then use (1.10) combined with (1.18)
and the z; = —1, 29 = z case of (2.1), we recover [20, Eq. (3.1)]. If we take d = 2 and 2’ = ¢ in
(2.11) and then use (1.9) and (1.16), we obtain [20, Eq. (3.3)].

2.2. Identities with j(z;¢q) and 3-dissections. In order to facilitate an application of Theorem
1.1 in Section 5, we begin with some identities, the first two of which in the next result follow
from (1.7) and (1.18) while the rest appear in [15, Egs. (2.2f), (2.4a), (2.4b), (2.4c) and (2.4f)].
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Moreover, we frequently use without mention

) =0, jaa) = i) = 20
VAURY'S Jy g q) = Ji, 3454 _J2J3’
J? JoJ? J3 J3J1
i(—1;9) =222, j(—¢;¢*)="""2 and j(—q¢°) =2 :
J(=1q) 7 J(=44q°) T M i(=44q°) TiTude
Proposition 2.6. For generic x,y,z € C*, we have
o o 1., J3?
iz )i ¢ %) = g (= 1;61)7?,
jlmae) j(=rTha)
i(=22q;¢*)j(wsq)  j(—272¢;¢%)j(x7q)
n—1
j(z;q) :Z( 1)qu:(k: 1)/22k](( 1)n+1qn(n 1)/24+nk 2" )
k=0
2
. 3.3 2.3, .3 J(@%q)
Jgx™;q7) +x3(q"T7;q7) = J1= )
( ) ( ) j(@;q)

3(@3:9)i(y, @) = j(—2y; )i (—qz ™~ y; ¢%) — 2j(—2yq; ¢)j(—a 'y ¢

iig)  dlwe) ., i/wa)ilary: ¢®)
i(~y;q)  j(—z;9) J(=239)i(-y; q)
and

. . -1 .
jlzwiq) _ Jai(z4) izckj(zw”q’“;q”)
jleig)  JRianen) &0 d(zdFiqn)

(2.20)

(2.21)

(2.22)

(2.23)
(2.24)

(2.25)

(2.26)

Next, we state results which can be found in [1, Egs. (1.6) and (1.7)] or deduced from (1.7),

(2.22) and (2.23).

Proposition 2.7. If w is a primitive third root of unity and x € C* is generic, then

j(w;q) = (1 —w)Js,

J2Js
o —(1 1
j(—w;q) = ( +w)J2J3,
Jy JyJ?
. 2 1J4J¢
—wq; - )
Jj(—wq; %) Taduis
: 3 i(d%d°) 5 j(qs;q9)>
j(—wg; q°) = J. <.—w - |,
( )= J(—=a;¢°) J(—=q* 4%
3(q'%;¢*®) j(ql4;q18)>
J(—wq;q J ( + wq=
(-wg;¢") = s J(—=a; ¢'8) J(—=q"; ¢'8)
and
J3

(3 q)j (zw; q)j (zw?; q) = jgj(m?’; q°).

(2.27)

(2.28)
(2.29)
(2.30)

(2.31)

(2.32)
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Before proceeding, recall that given a g-series F'(q) with integral powers, its N-dissection is a
representation of the form

N-1
Flg) =) ¢"Fi(d")
k=0

where Fj(q) is a series in ¢ with integral powers. The study of N-dissections ostensibly began
in Ramanujan’s lost notebook [23] and has now become its own extensive literature. As it is not
possible to give a comprehensive overview of this area here, we only mention the classical result
of Atkin and Swinnerton-Dyer on 5 and 7 dissections of the rank of partitions [2] and the recent
impressive work [7] wherein the 11-dissection of the deviations of the rank and crank modulo 11 are
obtained. Subsequent applications of [7] include new proofs of crank equalities [14], crank—crank
inequalities [5,13], congruences for p(n) modulo 11 [2] and linear rank congruences [3] as well as
new results on rank and rank—crank inequalities, new congruences for rank and crank moments
and for Andrews’ smallest parts function. The final collection of results concerns 3-dissections of
certain eta quotients. The following two identities are [4, Eq. (3.9)] and the a = —¢q, b = —¢°,

n = 3 case of [6, Entry 31, page 48], respectively.
Proposition 2.8. We have

1
- = Wo(a®) + aWi(e®) + ¢ Wa(g?) (2.33)
1
where
Wo( )-—J—g L + 8quw(q) + 16¢°w(q)
0 q L J112 w2(q) q q q q )
J? [/ 3 J3
Wi(q) == =% —— + 12qw? Wa(q) == 93
1(q) 712 (w(q) + 12qw (Q)>, 2(q) 72
and I8
_ J1J6
w(q) : J2J§"
Proposition 2.9. We have
J1J,
2 = fol@®) + af1(@®) + ¢ fa(dP) (2.34)
where
3(q%;q"®) 7(q%; ¢'®) i(a; q'®)
= = —_-_—— d = —qQ—.

The following 3-dissections appear to be new. As the proofs are comparable, we only give
details once.

Proposition 2.10. We have
J3Jg

S5 = 90(6") +991(6") + 2(a”) (2.35)
4
where
S I3 T J3 Js I3 T J2J2T3
(@) =70 g0 = PR ad ga(g) = 22200
J3J24 J2JTJ3 T4 T3
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12 Jl JZI) ']?2 J188

. . J36 Lo
Proof. If we multiply both sides of (2.35) by ¢ s , then the claim is equivalent to

D (@®)n(a*)n®(@*®)n* (¢*)n* (¢*°)
n*(q?)n(q¢®)n(q™)
n(Q)n* (¢ )n" (¢®)n(a”)n° (¢"*)n*(¢**)n° (¢*°)
n*(@®)n*(¢®)n(¢®)n(q*?)n(¢™)
(@) (@)n* (d®)n(d2)n' (¢**)n* (*)n? (¢*°)
n*(@*)n(q®)n(q®)

nﬁ(q12)n8(q18)n2(q36) _ n(q)n(q?’)n?’(q )

+

(2.36)

-2

where 1(q) := ¢'/?*.J;. Using [9, Propositions 5.9.2 and 5.9.3], we see that both sides of (2.36) are
holomorphic modular forms of level 72 and weight 8. Since the corresponding space of modular
forms has Sturm bound 97 [9, Corollary 5.6.14], it suffices to check that the first 97 coefficients in
the g-series expansion of (2.36) agree. This completes the proof of (2.35). O

Proposition 2.11. We have

J3
—Z = ho(q®) + qh1(¢®) + ¢*ha(q®) (2.37)
J1Jg
where
JEJ? J1J4JsJ24 J3 J3J12Jo4
ho(q) := —2=5 hi(q) == =5 d  ho(q) = -2
0(q> J2J3J§’ 1<q) J82e]12 2(q) J12J4J(?J82
Proposition 2.12. We have
J.
Jz = Io(¢®) + ¢11(¢%) + ¢*I2(¢°) (2.38)
4
where
J2J3 JJ6 NENE
Io(g) =28 L(q)=q¢%22  and Ig) =212
T3 T3 T3 Ji

3. PROOFS OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. We follow the strategy in [20]. Consider the left-hand side of (2.9) and
take z/ = —1 in (2.10). This yields
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M— M—1
—a 1 a — j
Z TSa(Ghia) = 37 - G (1= G = 2m(Gy g™ ", 1) + 2A(d, Gy 20, 1)
: ]:1
1 (& a]Ml(al 2jd 202 4
M CM CM Z C , 4 T )
7=0 7=0
M-1
_ Z CM(afl)jm(C]&QJ'qu q2d2 _1)>
§=0
2 Y 4 ,
+ 27 22 Cu” (1= QA G20, = 1), (3.1)
j=1

To prove (1.11), we first use (2.7) to observe that the first two sums in the second line of (3.1)
equal 0 if a < M and 1 if a = M. For the third sum, we split it into two further sums. We then
reindex the resulting second sum by j — % + 7, use that C]\}Q = Cz, write a = 2t where t > 0,

2

M d?

apply (2.3) and take k=t -1, n=%,2=-1,r=¢ * and ¢ — % in (2.2) to obtain

M-1 . P ]\/[ 1 2
—2
C a]m J d 2 _ 2 Z C C]uq 2d _1)
j=0
=M <—1>%*1q*72+%<1*d2>m<<—1>%+1q%2—%+%<1 ) % )

M
- q‘dQM‘l’g,l(Q‘dz, ~1,754%).
For the fourth sum, we similarly split it into two further sums, then reindex the resulting second
M

sum by j — % + j. We then use that (> = —1 to obtain 0. In total, this yields (1.11).
To prove (1.12), we first use (2.7) to note that the first two sums in the second line of (3.1)
equal 0. For the third sum, we first use that if (s is a primitive M-th root of unity, then so is Cﬁ

as M is odd and then take k = 2M{“, n=M,z=-1,z= qu and ¢ — q2d2 in (2.2) to obtain

Z Gl —23 d 2d2?_1) _ qudz(L‘/[{“)?(_1)72]‘42*“m(qd2M(a7M)7q2d2M272/)

+M\I/2M M (g, 1,2 ).

For the fourth sum, we take k = W, n=M,z=—-1,z=q% ? and q— q° & iy (2.2) to obtain
Ml 2 2 2/a+M—1\2 +M—-1 2 2 2
—27 —_ atrM—1 atM—1 _
CM( m(¢ 0 ,—1) = Mg d?(2HM=L (1) m(qd (M—aM) 2d*M 2"

7=0
2 2
+ M‘I/%AZ/IA (qd ,—1, ZHS q2d )
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In total, this yields (1.12).
Finally, to prove (1.13), we first use (2.7) to see that the first two sums in the second line of
(3.1) equal 0 unless a = M, in which case the sum is M. For the third sum, we take k = M;a,
n (2.2) to obtain

n:M,z:—l,JU:qd2 andq—>q2d21

M—1
Cur (¢ _2] dQ,QQdQ,—l) :]\4q*d2(%)2 —1)%m(qd2“M,q2d2M2,z’)
7=0
+ M‘I/]u a( d2, —1, Z/; q2d2)
For the fourth sum, we take k = %, n=M,z=—-1,x= qd2 and ¢ — ¢** in (2.2) to obtain
M1 2M +1 2M +1
1 2 2 2 _ g2 —a 2 —a 2 _ _ 2 2
CM(a o it g2 1) = Mg d?(2Matly (125 m(qd M(a—M 1)7q2d M 2"
7=0
+ M\IIJQMM—tH—l (q27 _17 Z”; q2d )
2

O

In total, this yields (1.13).
= —11in (2.11). This yields

Proof of Theorem 1.2. Consider the left-hand side of (2.9) and take z

1 M-—1 ) ) 1 M-1 A 2
17 2o i’ SalGna) = 55 CA}“](I—GV[)(—H%(( DEASIENENES)
j=1 j=1
d a2 42
+2(-1)2¢,q” TV (¢ gt d,q,—l,q2)>
M-1 M-1
- M M M
j=0 §=0
M-1
2 o d a2 42
+ 27 Grlm((—=1)2 T g1, g7, 1)
7=0
Ml 1 d d d?
3 G TV m((-1)2 0T g ,—1>>
7=0
M-1
2 4 _d2 d 2j
+ 7 (-D2g 91— )02 (¢ g~ 15 ¢?). (3.2)
J=1

To prove (1.14), we first use (2.7) to observe that the first two sums in the second line of (3.2)
equal 0 unless ¢ = 1, in which case we obtain 1. For the third sum, we take £k = a, n = M,
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2 2
z=—-1, = (—1)g+1qd7 and ¢ — da in (2.2) to obtain
M-1

. . 2 2 2.2 2772

(G (—1)3 g% g%, —1) = M(~1)F g~ m((—1) B T Or=2M0) g5 )
5=0
d 42 42
MM ((-1)8 g, 1, %),
2
For the fourth sum, we take k =a—1,n=M, z= -1,z = (—1)%+1qdf and ¢ — q% in (2.2) to
obtain

M-—1 ] 4 2
> Gl (-1 0, 1)

— M(_l)g(a71)+1q7—(a272a+1) (( 1)1+Mq§(M2 2M (a— 1)),qd2é”272//)
2
+ MU () FGT, 1,250,
In total, this yields (1.14). O

4. SINGLE GENERALIZED RANK DEVIATIONS

In this section, we briefly discuss why there is no loss in generality in considering pairs of
generalized rank deviations in Theorems 1.1 and 1.2. For M odd, we have

M1 M1 M1
D,(2 1 M) =2Dy M
2 2

and so Theorem 1.1 can be used to find a formula for any single Dy(a, M). Precisely, we prove
the following result.

M>+ﬁd<

Proposition 4.1. Let M be odd. For 0 <n < %, we have

Dd(MJr1 +n,M> :i(é [Dd<M+1 —n+2i,M> +Ed<M2+1 —n+2z’—1,M)]

2 2

n—1

M1 M1
_Z[Dd< 2+ —n—|—2i—|—1,M>+Dd( 2+ —n+2z',M)D.
=0

Proof. We begin by letting

By (1.15), we have

and so

(4.1)
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After reindexing, one obtains

_ " M+1 M+1
D, = D< 42 M) D( _ 2'—1,M) . 4.2
; [ a5 n+ 2 5 n+ 2i (4.2)
Combining (4.1) and (4.2) yields the result. O

For M even, one can use the following result.

Proposition 4.2. Let M be even, 0 <n < M —1 and zy, 2’ € C* be generic. For d odd, we have

M

— n 2 — k
Datn.w) = 0w 1)+ 4 X (T ) (G i)
M

k=1

<1 - 2m(§ o d q2d27 Z/) + 2A(d7 C.]I?/Ia 205 ZI)) :

(4.3)
For d even, we have
— 1
Dy(n, M) = ( M) Ou(—1;q)
M_q
22 ) (G i) (1 om0 #ce 0 )
d a2 _d 26
+2(-1)2¢ha TG (G g d,q,z/;(f))'
Proof. From (1.3) and (2.7), one deduces
B | M1
Da(n, M) =+ >, OalCir )63 (4.5)
k=1

for all M. For M even, we remove the k = % term from (4.5), split it into two further sums, then
reindex the resulting second sum by & — M — k. This yields

M_y

Da(n, M) = L 0,(-1:0) + Z (Gt + ¢k ) Ou(Cliia) (146)
Finally, (4.3) and (4.4) follow from applying (2.8), (2.10) and (2.11) to (4.6). O

5. AN APPLICATION OF THEOREM 1.1

As an application of Theorem 1.1, we compute the 3-dissection of O3((3;q) (cf. [17, Theorem
1.3]). In principle, one can reduce the number of eta quotients appearing in our result. We do
not pursue this further. Let

. 12, 27 . 21, 27 2. 3. 27 j<q603q108)
A=j(-¢%q"), B:=4qj(—-q;q¢"), C=q¢j(-¢5q¢"), D:= (=g, q105)”
. . . ’ (5.1)
B o d@a™) i*ha™) o e 365

5 Tna% = 5 av =qQ g e
J(—q*2%;¢108)’ J(—q'2;¢108)’ J(—q*%; q1%®)
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Gy = 3 ¢ g (6*)Wil(g?) (@) (5.2)
k,l,me{0,1,2}
k+l+m =N (mod 3)

and
Hy = > ¢ hi (@ )Wi(6?) () (5.3)

k,l,me{0,1,2}
k+l+m =N (mod 3)

where N = 0, 1 or 2 and the functions W;(q), fi(q), gi(¢) and hi(q) are given in (2.33)—(2.37).
Also, recall the functions I;(¢g) in (2.38).
Theorem 5.1. We have

03(¢3;9) = Bo(®) + ¢B1(¢*) + *Ba(¢?) (5.4)

where .
Bo(q®) := 64 *m(q~*",¢"?, 1)

_3q_9J18J27J108Jf62< FICRET i N (Ui o >+Bo(q3)
27 T3 Tsadsiddyy \3(—¢*;¢'%%)  j(—¢%;¢'0?)

and
J3J9J108
B 3 =3 36 NI 3
~N(g°) == 3q TuTisT ~n(g”)
J3J§ T30 (T3 JiadTs Jradios 5
Ji2Jis \ J¢JoJaaJs6 54216

"ok (a®)Wi(q®)

k,l€{0,1,2}
k+I=N (mod 3)

9y Tt 108
JoJ24

J3 18 Joa J2 J:
5 J5 J18J24 T35 216 (Y (o
J§JoJ12 72108 2 ¢ () Wilg)

((2AD — AE)Gn 11— (BD + BE)Gy + (2CE — CD)QQ+N>

k,l€{0,1,2}
k+l=N+1 (mod 3)

JoaJ108
12

—2g ((QAG + AF)Hy42 — (2BF + BG)Hy41 — (CG — CF)HN>>

for N =0, 1 and 2.

Proof of Theorem 5.1. We begin by decomposing O3((3; q) as follows. By (1.3)—(1.5) and (1.15),
we have

2
OS(CS; Q) = Z ZNB(S’ 3, ”)C?fqn

n>0 s=0

= Z (N?)(Oa 37 n) + C3N3(17 37 n) + C§N3(2a 3a n)) qn
"0 (5.5)

— Z (N3(0,3,n) — N3(2,3,n)) ¢"
n>0

= D3(3,3) + D3(2,3) — (D3(2,3) + D3(1,3))
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where we have used that N3(1,3,n) = N3(2,3,n) and 1 + (3 + (2 = 0. We now take d = 3,
a=M=3,2=2"=2=—-1n(lli)andd=3,a=2, M =3,2 =2"=2 = —11n (ii) of
Theorem 1.1, respectively, and simplify using (2.3), (2.5) and the fact that

Ui’ —1,-1;¢"%) =0
to obtain from (5.5)
Os(Cs1q) = 60 *°m(q™7,¢", —1) = 2GsA(3, G5, —1, —1) — 2(3A(3, (3, 1, —1)
+43(¢", -1, - 1;¢"%) — 203(¢°, -1, —1;¢™).
By (1.10), (1.17), (1.18) and (2.20), we have
~2G3A(3,¢s,—1, 1) = —2q—1<5/3\113(< P -1, - 147
C 7
3(19 Z ’ Hl/g/q, ) (¢ /Sq iq )J(—Cs - 2/3(13;(12)

_ C3J2J6J18 ( 7(¢3q";¢") N j(qu21;q18)>
2J3J3:5(—C30% ¢'®) \ G (=G ¢'®) ~ j(—C3¢2';¢'%)

+ 431]51 i ( <t+ /3 )
2 . :
3JF =53¢ P )i(— 5”2/3(1; q?) .
5.7
Similarly,
C9CA(3, 2, —1,—1) = (22 JsJis < 3(¢3¢"5; ¢'8) n 3(Csq*; ¢'®) )
e 2J3J2,5(—C3¢% ¢'8) \ 4 (—C3q%%; ¢1®)  7(—C3¢%;¢18) 58)

Cg2 4 2 ( Ct+2/3 )
BIF {25 GG @) (— (2 3¢; ¢2)

after applying (1.17), (1.18) and (2.21). Using (1.17), (1.18), the x = (3¢'® and y = (3¢'° case of
(2.25), (2.28) and (2.32), one confirms

J(Gaa™a™) | i(Ga™a)

3(=C3q":0'%) i (=C3q*t5 ')
Hence, taking the sum of the first terms on the right-hand sides of (5.7) and (5.8), respectively,
combined with (2.29) and (5.9) yields after simplification

JoJs i ( J(Gsa™5 ™) i(Ga*ia) > _ g2 72J8 0 108
2J3 T35 (=% ) \J(—Ga*™: %)~ 5(—C3a*:¢'®) J3J3 J18 36
It now remains to consider the sum of the second terms on the right-hand sides of (5.7) and (5.8),
respectively. This is

BRI
J3 J168J27

= —2¢°GG(1 - ¢3) (5.9)

—((s—¢3) (5.10)

i(=¢ g q)

(G =Gz Z Tk T3 y (5.11)

3 g9 (—G aq
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We now apply (1.18) to the summand of (5.11), then take x = ;H/?’, z=—1and n=31in (2.26)
to obtain
P Z U C‘”’qk 0 .
3 . 2(i+1/3 :
313G g? k=0 i(=a" %) t=0 (—C:a(tJr / )Q;QZ)

(5.12)

By (2.32),

2/3 . 14/3 J3J3J10J?

/CL ) j(— Cs (L )J(—Cg / Q§q2):W
6

and so using (2.27) and (5.13) turns (5.12) into

(= (5.13)

QJSJ??J(?J% ] CSq q (t+1/3)k 2(t+4/3) o . 26+7/3) 9
B ; - 1q°). 5.14

C33J1J4J12J18 =0 243 G3 4:q7)j (=G5 ¢4q°) ( )
Note that

. 2t+8/3 . 2t+5/3
GG )i (=P g )

J2J8J12 A(+1/3) 2, 2t+2/3 J4J24 A(t+1/3) 4 4

by (2.24), (2.27) and (2.29) and so (5.14) equals

B 2J35J5 g T3 J2J8J12 Z j( C3q q Zc(t+1/3 4(t+1/3)q2,q4)
3420152 J4J6J24 2 ’
(5.15)

2
J4J24 (k+5 /3] C3q q (k+2)t (t+4/3) 1.4
J8J12ZC3 Z;C q:q) |-

We now simplify the first line in (5.15). By (1.7) and (2.7),

ZC t+1/3)k 3 t+1/3 Z 2n? ZC(tH/g ) (4n+k)

nez
n2 ~(dn+k
=3 Z ¢ §3 +h)/3
n =2k (mod 3) (516)
- s+8k? »s
_ 3Zq365(s 1)/2+(24I+18)5 812 s

SEL

_ 3q8k ( C q24k:+18 q )
First, applying (2.29) to (5.16), the k£ = 0 term in the first line of (5.15) equals

o 3‘]??‘]128‘]72‘]1208 ) (517)
203 JJ36 540216

Next, applying (2.31) to (5.16) and the z = —(3¢, ¢ — ¢* and n = 3 case of (2.22) and simplifying,
the £k = 1 term in the first line of (5.15) equals

2 J1J6J108
T2

3q (AD - BE-CD+CE+ (AE+ BD — BE—CD)) (5.18)
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where A, B, C, D and FE are given in (5.1). Finally, applying (1.17), (1.18) and (2.31) to (5.16)
and simplifying, the k = 2 term in the first line of (5.15) equals
34 2J1J6J108

52 (AD = AE = BD +CE+ G(=AE - BD + BE - CD)). (5.19)
293

Combining (5.17)—(5.19) and simplifying, the first line of (5.15) equals

_Jﬁ@J&kL}h6<_<§JﬁJmJ%8_HMThJ&h%

2AD—AE—-BD—-BE—-CD+2CE) |. (5.20
JEJ3 T2 04 J3JoJs6 54 216 JoJ3 ( * )> (5.20)

We now simplify the second line in (5.15). Similar to (5.16), we find

2
Z k+2)t t+4/3 4) _ 3C§5k—5)/3q2k276k+4j(_C3q36712k. q36). (5.21)

t=0
Applying (2.28) to (5.21), the k = 0 term in the second line of (5.15) equals

1 I3 18 J35 216

. 5.22
2.J3JgJ72J108 (5.22)

Next, applying (1.18) and (2.30) to (5.21) and (again) the z = —(3q, ¢ — ¢ and n = 3 case of
(2.22) and simplifying, the £ = 1 term in the second line of (5.15) becomes

3£%%%@AF7AG+BF+CG+@FAF—BG+CF+C®) (5.23)
243

where F' and G are given in (5.1). Finally, one can similarly show that the k¥ = 2 term in the
second line of (5.15) is

3£%%%FAG+BF+BG—OF+@MF+BG—CF—0®y (5.24)
2Y3

Combining (5.22)—(5.24) and simplifying, the second line of (5.15) equals

B J§J§J§JQ4J36< 4J§’J18J326J216+2J1J6J108

“9AG+2BF +BG—AF—CF+CG) ). (5.25
qJ12J42J8J122J128 I3 Jg 72108 JoJ? ( + + + )) (5.25)

As (5.15) is the sum of (5.20) and (5.25), we obtain

372 712 2 3 72 2
ﬁ@%@fJﬂ“”(fﬁwmhg—%ﬂMQF@mmﬁw—BD—BE—m%wam)
JrdiJ12dig \ JadeJoa \ Jg Jo 36540216 JoJ3

—+

J4J24< 1 I3 T18 025 J216 2J1J6J108

—2AG+2BF + BG— AF —CF+CG > .
T sdis J3JgJ72J108 J2J3 ( ) )

(5.26)
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Note that (5.26) can be rearranged as
I3 TG Ts6 (I3 Ty Tis oty 3 s 1
JioJ3 \ J§JoJaa 36540016 J1 T3 T3
2 JtaT108
JeJo4
5 I3 JisJoa I3 16 s 1
J3JoJr2 2 Jr0s J1Js I3

4
-2 @AD—AE—BD—BE—CD+20@§%%%§%%
1J4 J1 J2J3

(5.27)

31 s
JiJs T3 JpJ2

+ 2q@ (—2AG + 2BF + BG — AF — CF + CQG)
12

Moreover, using (1.9), (1.17), (1.18) and simplifying, one can check
495(q", =1, =154"%) = 2W9(¢", =1, ~1;¢"")
_ 3 g Jsdardisdie (J(@54'?)  5(@*54")
- i(=a*4"%) - G(=*54"%) )
(5.28)

q
We now insert (2.33)—(2.37) into (5.27) and (2.38) into (5.10) and combine with (5.28). After
substituting the resulting expressions into (5.6) and recalling (5.2) and (5.3), we arrive at (5.4).
This proves the result. O
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